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In the Name of Allah, the Most Gracious, the Most Merciful

Al-FATIHA

All praises be to ALLAH, the Sustainer of all the worlds.
Most Gracious, most Merciful.
Thee do we worship and Thine aid we seek.
Show wus the straight way.
The way of whom Thou hast bestowed Thy Grace, not of those who earned Thy

wrath and who went astray.



“By and large it is uniformly true that is mathematics there is a time lapse between
a mathematical discovery and the moment it becomes useful; and that this lapse
can be anything from 30 to 100 years, in some cases even more; and that the whole

system seems to function without any direction, without any reference to usefulness

and without any desire to do things which are useful.”

Jhon Von Neumann (1903-1957)
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A number of authors proved common fixed point theorems for fuzzy mappings
in metric spaces under certain contraction conditions. In high energy physics,
these theorems are helpful to resolve geometric problems. In the present work, we
extend some common fixed point theorems for fuzzy mappings on metric spaces
to common fixed point for fuzzy mappings on b-metric spaces. Our results will

helpful in solving certain fixed point problems in b-metric spaces.
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Chapter 1

Introduction

In mathematics, the existence of solution is same as the existence of fixed point of a
corresponding map. Fixed point theory gives suitable conditions for the existence
of solution of a problem. Therefore fixed point has broad importance in certain
fields of mathematics and other sciences, for example many problems in different
fields of sciences can be transformed into the “ problem of fixed point”. The theory
is also an attractive mixture of pure and applied mathematics including topology
and geometry. In the study of non-linear analysis fixed point theory is considered
as a fundamental tool.
In the beginning, it was considered that the fixed point theory is pure analytical
theory, later on the theory can be classified into different fields that are metric,
discrete and topological fixed point theory. Banach fixed point theorem [8] or
Banach contraction principle is supposed to be the most valuable and adaptable
consequence in metric fixed point theory. Banach fixed point theorem stats as,
“ On a complete metric space, a contraction mapping has a unique fixed point.
More precisely, (X, d) is a complete metric space and T is a self map on X such
that,

d(Tz,Ty) < ad(z,y), Vzr,ye X,ae€l0,1)

Then T has a fixed point”.
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This theorem is the most important result in mathematical analysis. A number
of researchers in mathematics [11], [14], [17], [37], [43] are fascinated to Banach
contraction principle by virtue of its simplification and generalization.

Zadeh[55] esteblished the idea of fuzzy sets in 1965. Fuzzy control seems to be the
most useful tool from application point of view. For the applications, where the
exact quantitative representation of some particular samples is inappropriate or
impossible, the implementation of fuzzy theory seems to be an easy and convinent.
Hence, for real time performance in many models designes we often find the use
of fuzzy methods. There are many applications of fuzzy objects and methods in-
cluding regulation, production control, household applience and music [28]. Fuzzy
logics and approximate reasoning related to fuzzy logic are the theoretical and

methodoligical background of fuzzy mathematics.

In this work, we deals with the aspects of fuzzy mappings. The fuzzy mappings
are considered as functions, that alocate a fuzzy set to an element defined on a
given domain. Then introduction of the notion of fuzzy mappings is given by
the Heilpern [22], he also proved the fixed point theorem for fuzzy mappings in
the settings of metric spaces that is the extended form of the Banach contraction
principle. Later on, a variety of papers are seen on fixed point theorems for
fuzzy mappings that satisfied the contractive conditions, some of these papers
are [32], [34], [41]. For the the applications of integral equations and partial
differential equations, a number of Mathematicians and Engineers focused on fixed
point results for fuzzy mappings. Fuzzy control seems to be the most useful from

application point of view.

The notion of b-metric space was first appeared in the work of Bakhtin [9], then
used by Czerwik [47]. M.Boriceanu [30] also found examples and some fixed point
theorems in b-metric spaces. Afterward, variational principle in b-metric spaces
is formulated by Ekeland [31] in 1974. In the proof of fixed point theorem in

complete metric space, Ekeland’s variational principle is used as a main tool.

Recently, many authors developed fixed point theory in b-metric spaces. Some of

these authors [16], [29] and [52] focused on the topological properties of b- metric
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spaces, which proved the concept that every b- metric space defined on a topology
which is induced by the convergent of b-metric space is the semi-metrizable space.
Therefore, the use of different aspects of b- metric space in literature is obvious.
Note that, ‘a b- metric space is always considered to be a topological space in the
sense of topology which is induced by the convergent of b- metric space’.

In this thesis, several papers are reviewed which are mentioned above but our main
focus is on paper titled as “Common fixed point theorems for fuzzy mappings in
metric space” by T. Kamran [23]. This paper is the corrected form of paper [1].
After detailed study of litrature related to this paper [23] we extended the results

in the settings of b- metric spaces.

Rest of the thesis is detailed as follows:

e Chapter 2; includes basic tools about metric spaces, b- metric spaces, fixed
point and fuzzy mappings.

e Chapter 3; is about literature review and detailed study of common fixed point
theorems for fuzzy mappings in metric spaces.

e Chapter 4; is the extension of the results of Chapter 3 from metric spaces to

b-metric spaces.
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Preliminaries

In this chapter,we discuss some basic definitions and concept which we have to
use in this thesis. Section 2.1 covers some basics of metric space and examples of
various concepts. Section 2.2 concerns with the study related to b-Metric spaces
and examples of b-metric space. This section also includes Cauchy sequences and
completeness criteria of b-metric spaces. Section 2.3 of this chapter deals with the
fixed points in metric space. Section 2.4 concerns with some types of mappings.

In the last Section, we focus on fuzzy mappings.

2.1 Metric Spaces

This section concerns with the definition and examples of metric space, bounded
and unbounded sets, supremum, infimum, maximum and minimum of sets, Haus-
dorff metric, sequences in metric space, Hausdorff metric, Cauchy sequence and

completeness of metric space.

Definition 2.1.1. (Metric Space)
A function d : X x X — R (where X denotes a non-empty set and the set of non-
negative real numbers is denoted by R, ) is called metric ( or distance function),

if it satisfies the following properties.
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(M1): For any pair pi,ps € X, d(p1,p2) >0 and d(p1, p2) =0 p1 =po
(M2): For any pair py,pr € X, d(p1,p2) = d(p2,p1) (symmetric property)

(M3): For pi,p2,p3 € X, d(p1,p2) < d(p1, pa)+d(pa, p3) (Triangle inequality).

The pair (X, d) is then called a metric space on X.

Example 2.1.2. 1. (Real line R ) The set of all real numbers is denoted by R.

Define a metric d : R x R — R as follows,

d(rl,rz):\rl—rg\; Y Tl,T'QER.

Then the pair (R, d) is a metric space and d is called the standard or usual

metric on R.

2. (Euclidean space R™ ) This space is also called n-dimensional Euclidean space

and can be obtained by taking all ordered n-tuples of real numbers,i.e,

$:<51,£2,"',6n), y:<77177727"'777ﬂ)'

(R™, d) is a metric space with Euclidean matric d defined as;

d(z,y) = V(& —m)2+ -+ (& — m)2.

3. (Function space Clay,as] ) The space of all real valued continuous functions
is denoted by Clay, as]
(where I = [ay, as] is a closed interval of real numbers).
Define a metric d : Clay, ag] x Claq, as] — R by,

d(p, q) = max | p(t) —q(t) | -

Then (Clay, az],d) is a metric space and d is a metric on Clay, as.
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4. (£* space) £* space is also called Hilbert sequence space, the element of 2 is

a sequence x = (&;),i = 1,2,..., 00 of numbers such that,

[o.@]
Z | & |*< oo
i=1

Define d : ¢*> x (> — R by,

0o 1/2
da.y) = (Z &~ |2> .

Then the pair (£2,d) is a metric space.

Definition 2.1.3. (Bounded and Unbounded Sets)
Let A be a subset of real numbers R, then A is bounded if there exist a real number

M such that,
a < M;for all a€ A.

The real number M is called upper bound of A. if there exist no such M, then
A is said to be unbounded from above. Let B be the set of all upper bounds of
A having the smallest number M. Then the number M is known to be the least
upper bound (l.u.b) or supremum of set A.

Furthermore, a set may or may not have a Supremum and if the supremum of a
set exists it will be unique.

The supremum M of a set A has the following properties.
(i) M must be the upper bound of A, i.e, a < M Va € A.

(ii) For a small positive real number there exists a number a € A such that,

a>M-—e¢
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A subset A of numbers R is called bounded bellow, if there exist real number m

such that,

m < a;for all a € A.

The real number m is called lower bound of A. In case if there exists no such m
then set A is called unbounded from below. Let B be the set of all lower bounds
of A having the smallest number m.

Then the number m is known as greatest lower bound or infimum of set A.
Moreover, a set may or may not have a infimum, if the infimum of a set exists it

will be unique. The infimum m of a set A has following properties:-

(i) m must be the lower bound of A, i.e,

m<a, V a€A

(ii) For a small positive real number ¢, there exist a number a € A such that,

a<m-+e

A bounded set is bounded above as well as bounded below for instance see the

following examples:
1- The set of natural numbers is denoted by N is bounded below but un-
bounded above, therefore it is not bounded and it has no supremum.
2. A set which contains finite numbers is bounded.
3. Infinite set A ={a:0 < a <2Va € Q} is bounded.
4. The set of real numbers is denoted by R; is not bounded.

Definition 2.1.4. (Partially Ordered Set)
A non-empty set U is called a Partially ordered set, if it satisfies following prop-

erties with binary operation =<,
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x Reflexive; For each A € U = \ < )|

« Antisymmetric; f A <pand p A=A A=pu, Vi\pueU,

x Transitive; f A <pand u <v=A=v, VA purvel.
For example power set P(U) of a non-empty set U is partially ordered set. If each

member of set U is comparable then U is called chain or totally ordered set.

Definition 2.1.5. (Maximum and Minimum)
Let B = (4, 82, B3...0, be any set. If set B is in totally ordered set then largest and
smallest values of B are called maximum and minimum of B respectively, denoted

by max(B) or max;(/;) and min(B) or min,(5;).

Definition 2.1.6. (Sequence)
A sequence is a set of elements of any nature that are ordered as are the natural

numbers 1,2,3,--- ,n, it can be written as 1, zs, -+, x, or simply {z,}.

Definition 2.1.7. (Convergent Sequence)
Let (X, d) be a metric space, a sequence {x,} is said to be convergent, if there

exist an x € X such that,

lim d(z,,x) =0,

n—0o0

then x in known as limit of {x,} and written as,

lmx, =2 or =z, —z.
n—oo

Definition 2.1.8. (Cauchy Sequence)
Let (X, d) be a metric space, a sequence {z,} is said to be if there exist a natural

number N for every € > 0 such that,

d(xpm,x,) < € foreach n,m > N.

Definition 2.1.9. (Complete Space)

A metric space X is said to be complete, if every Cauchy sequence in metric space
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X converges to a point in X.

For example, the real line R and the complex plan C are complete metric spaces.

Definition 2.1.10. (The Hausdorff distance)
Let A, B be the non-empty compact bounded subsets of X in a metric space (X, d)

Then the Hausdorff distance between A and B is given as,

H(A, B) = max{supd(a, B),sup(b, A)}

acA beB

2.2 b-Metric Space

In 1989, Bakhtin [9] introduced the notion of b-metric space. Then several authors
did work on fixed point theory in b-metric spaces. In this section, we concern with

the definition, examples and other aspects related to b-metric spaces.

Definition 2.2.1. (b-Metric Space)

Let X be a non-empty set and let b > 1 be a given real number, a function
dy : X x X — R is called a b-metric, if it satisfies following properties;

(B1): For any pair  ry,re € X,  dy(ri,1m3) =0 <= r; = .

(B2): For any pair 71,70 € X, dy(r1,m2) = dp(re, r1).

(B3): For ri,re,r3 € X, dy(r1,r3) < bldy(r1,72) + dp(r2,73)].

then the pair (X, d,) is called a b-metric space. Where dj, is a b-metric on X.
Remark 2.2.2. If b = 1, then b-metric space will be a metric space.

Example 2.2.3. The set of real numbers R is a b-metric space with the metric

defined as,

dy(u,v) =|u—v|* Vu,veR

where b= 2.
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Example 2.2.4. Let (,(R) be a set, where 0 < p < 1 and

GR) ={r} S R;Z |7 [P< o0
k=1
with the metric dp : R x R — R defined as,,
dp : 0,(R) x £,(R) — R

defined as,
= 1
dy(r,s) = () | ri— sk [P)r
k=1

then /,(R) is a b-metric space with b = 25 > 1.

Example 2.2.5. The L?[0,1] where p lies between 0 and 1 for all Real Valued

Functions, u(z),z € [0,1] such that,

1

/ u(z) JP< oo

0
along with the metric d;, : R X R — R defined as,

1/p

1

d(u,v) = / | u(z) —v(z) |P dz
0

for all u,v € L”[0,1],

then L7[0,1] is a b-metric space with b = 21/7.
Example 2.2.6. Let X}, = {0,1,2} with the metric dj, : X}, X X, — R defined as,
db(ov 0) - db(]-a 1) - db(27 2) =0

dy(0,1) = dy(1,0) = dy(1,2) = dy(2,1) = 1
Also  dp(2,0) = dp(0,2) =t
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where t € R and t > 2, therefore,

dp(u,v) < =[dp(u, w) + dp(w,u)] Yu,v,w € X,

N | =+

hence dy is a b-metric on X, with b = % But for ¢ > 2 triangular inequality cannot

fulfilled.

Definition 2.2.7. (Convergent sequence in b- metric space)
The sequence {t,},eny € X in a b- metric space (X, dp) is called Convergent iff
teX,V6>0,3 an n(d) in N such that ¥n > n(J),

dy(tn,t) <d or lim t, =t.

n—aoo

Definition 2.2.8. (Cauchy sequence in b- metric space)
Let (X, dp) be a b- metric space, then the sequence {t, },en in X is called Cauchy
sequence iff ¢ € X, Vo > 0 then there exist an n(d) in N such that, for every

n,m > n(d) we have,
db(tn, tm) <0
if every Cauchy sequence is convergent then the b-metric space (X, d,) is said to

be complete.

Definition 2.2.9. (Closedness in b-metric space)
A set A C X is closed in a b-metric space (X, dp), iff for every convergent sequence

in A, 4 an element t € A

Definition 2.2.10. (Compact Sets)
A set A C X is said to be Compact set in a b-metric space (X, dp), iff there exist

a sub-sequence for each sequence of element of A, that converges to an element of

A.

Remark 2.2.11. Following statements hold in b-metric space (X, dp).

1. There is a unique limit of convergent sequence in b-metric space.
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2. In b-metric space, convergent sequence must be Cauchy sequence.

3. A b-metric is not continuous in general as illustrated by following example,

Example 2.2.12. [27]
“Let X =NU{oco} and let d; : X x X — {0,400} is defined by

0 if m=n,
| L — 1| ifoneof m,n iseven and the other is even or oo,
dp(m,n) =
5 if one of m,n is odd and the other is odd or oo,
2 otherwise.

It can be checked that for all m,n,p € X we have

)
db(m7p) S

S lds(m, ) + dofn, p)

Thus (X, dp) is a b- metric space with b = g Let x,, = 2n for each n € N,

then

1
db(Zn,oo):%—>0 as n — 00

that is, z, — oo, but dp(z,,1) =2 » 5 = dy(c0, 1) as n — 00.”

2.3 Fixed Points in Metric space

In the current section, we will describe the Fixed point in metric space and its
examples. Fixed point theorem is one of the most adoptable tools in Mathematical
Analysis, which is used to solve several problems in different fields of mathematics.
Several authors essentially, [12],[20],[25] interpret fixed point theory on complete
metric space. Recently, fixed point theory extends fast in partially ordered metric

space.

Definition 2.3.1. (Fixed point)
A fixed point of a function F' — X x X is an xg € X which mapped onto itself
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that is, t € X is said to be a fixed point of function f : X +— X if and only if,

ft)y =t

Following are examples of fixed point.

Example 2.3.2. Let f;R — R be a function defined as,

ft)=1t>—3t+4

then f has fixed point ¢t = 2 because f(2) = 2.

Example 2.3.3. Let X =R, a self map T" from X into X in a metric space (X, d)
defined as,

Tz=2z+1;, Vze X

then z = —1 € R is the only fixed point of T'z.

Example 2.3.4. Let I be the identity map on metric space X = R with usual

metric d, i.e,

I(z)=2 VzeX

then every point of X will be the fixed point of I.

Example 2.3.5. There is no fixed point of T, if Tz = z + 1, because there is no

solution for 2z +1 = 2.

Example 2.3.6. Table showing list of functions with their fixed points taken out

from mathworld.wolfram.com/fixed point [51].
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hyperbolic cosecant
hyperbolic cosine
hyperbolic cotangent
hyperbolic secant
hyperbolic sine
hyperbolic tangent
inverse cosecant

inverse cosine

inverse cotangent

0.9320200293
1.1996786402
0.7650099545

0

0
1.1141571408
0.7390851332
0.8603335890

Function Fixed Point Function Fixed Point
cosecant 1.1141571408 | inverse hyperbolic cosecant | 0.9320200293
cosine 0.7390851332 inverse hyperbolic cosine -

cotangent 0.8603335890 | inverse hyperbolic cotangent | 1.1996786402

inverse hyperbolic secant
inverse hyperbolic sine
inverse hyperbolic tangent
inverse secant
inverse sine
inverse tangent
secant
sine

tangent

0.7650099545
0
0
0
0
4.9171859252
0
4.4934094579

Geometrically, the fixed point of a single valued function y = f(x) lies where the

graph of the function f intersects with the real line y = x.

Thus a function may or may not have a fixed point. Furthermore, the fixed point

may not be unique. Figure given bellow shows graph of R function having three

fixed points.

FIGURE 2.1: Three Fixed points

Example 2.3.7. Let X = R and 7" maps from X into X such that,

Ter=x+1
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then, T" has no fixed point,

since x + 1 = 2 has no solution.

0 7
LU
] y=X+1
Y=X
5 /

%

15 10 / ] 5 10 1

/) .

/|

/| in
19

Ficure 2.2: No Fixed point

Example 2.3.8. Let X = R and 7" maps from X into X such that,

Ter=2x+1

then, T has a unique fixed point z = —1.

0 f
y=2x+1
y=X
14
15 -10 5 1 5 10 1

c

/ 10

/ 10

FiGUurE 2.3: Unique Fixed point
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Definition 2.3.9. (Zeroes of a Function)
Finding zeroes of a real valued function g(x) defined on an interval is as finding

the fixed point of f(z) where,

f(x) =2 —g(x)
since, zeroes of g(x) means x such that,
9(z) =0

= z—gx)=2

OR
f(x) ==z, ie “z isa fixed point of f(x)”

Example 2.3.10. Consider the quadratic polynomial,
g(x) = 2%+ 5 +4

therefore, zeroes of g(x) are

Resulting, g(z) = 0 as,
1’ +5x4+4=0

24+ 4=—bx
244
)

Clearly; problem of finding zeroes of g(x) is equivalent to the problem of finding
the fixed point of f(z) such that z = f(z).
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Example 2.3.11. Indeed an operator equation 7, = y may be equivalently trans-

formed to fixed point problem, that is;
S(x) =z with S()=z+T,—vy

Therefore, finding a vector = such that S(z) = x is same as finding or solving the
equation,

r+1T,—y==x

2.4 Types of Mappings

Definition 2.4.1. (Lipschitzian Mapping)
A self map M : X — X on a metric space, then M is a Lipschitzian Map if I\ > 1
such that,

d(M(m), M(n2)) < Ad(m,m2); Vi, € X

Here A is called Lipschitzian constant.

Example 2.4.2. Let M : X — X be a self map on X = R defined as M(t) =
5t Vt € X, then

d(M(t1>, M(tg)) = d(5t1, 5t2)
=| 5t, — 5t |
- 5 | tl - tQ |

- 5d(t1, tg)

Here A\ = 5 is the Lipschitzian constant.

Definition 2.4.3. (Contraction Mapping)

A self map M : X — X on a metric space, is a Contraction Mapping if its
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Lipschitzian constant A <1 2.e 0 < A <1 such that,

d(M(n1), M(n2)) < Xd(n1,m2); Ynu,m € X m #m

Example 2.4.4. A self map M(X) =t* Vt € X on a metric space, X = (0, 1)

with metric d defined as sup(0,3) =| t |< 3 then for n, o € X, d(n1,m2) =]|

T — 712 |7

d (M (1), M(n2)) =| M (1) — M(n2) |
=|n} —nj |
=l +mma+ns || m—n |

S d(nh 7]2)

> N~

S d(nl; 772)

Since A € (0, 3) therefore M is a contraction.

Definition 2.4.5. (Contrative Mapping)

A self map M : X — X on a metric space is a Contrative Mapping if,

d(M(m), M(n2)) < d(m,m2); Vou,me € X m #mpe

Every contraction is contractive mapping but in general the converse of this state-

ment is not true , for instance see the example given bellow.

Example 2.4.6. Let M(X) =t¢+ ; Vt e X be a self map on X = [0,00) with

metric d such that,

t t
Lty |
Ty,

1 1
=t —t - =
| 11 2+(t1 t2)!
to — 1y
=| (t1 —t2) + ( ) |
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t1 — 19
—| (£ — t3) —
0t - ()

1
=\t —t 1——
PN
<|t1—t2|
= d(tq,t2).

this shows that M is contractive but its not a contraction.

Definition 2.4.7. Non-expensive Mapping

A self map M : X — X on a metric space is a Non-expensive Mapping if|

d(M(m), M(n2)) < d(mi,m2); Vmi,me € Xy # ma

Note: “Every contractive mapping is a non-expensive mapping but every non-
expensive mapping need not be contractive mapping and hence is not a contrac-

tion”. For example identity map is non-expensive but not a contraction.

2.5 Banach Contraction Principle

The most important and basic result of fixed point theory is Banach fixed point
theorem [8] or contraction principle. A polished Mathematician Stefan Banach

first present Banach Contraction Principle in his PHD research during 1922.

Theorem 2.5.1.

Let M be a self map on a metric space (X, d), suppose 0 < o < 1 such that,

d(M(m), M(n2)) < ad(n,ne); Ym,m € X m #n

then there is a unique fixed point of M.
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Example 2.5.2. A M : (R,d) — (R,d); X = R is such that £ — 1 + % then,

since it satisfied all condition of the statement of Theorem 2.5.1 with unique fixed

i — 4
point u = 3.

Example 2.5.3. Suppose X = (0,1] C R and define a self map M on X such
that t — }Lu,v t € X then,

d(M(u), M(v)) = d(=u, —=v); Vu,v€R

<

Here A = }L but M is not complete and has no fixed point which is contradiction

of 2.5.1, this shows that for sure existance of 2.5.1 completeness is necessary.

2.6 Fuzzy Mappings

This section deals with the definition and examples related to fuzzy mappings.

Definition 2.6.1. (Fuzzy Sets)
Let X be a nonempty set, a fuzzy set F' in X is defined as its membership function
pr(u) consists of degree or grade of membership of element w in fuzzy set F' for

all u € X. It is clear that fuzzy set F' is represented in the form of ordered pairs

€.q,
F={(u, pp(u))/u € X}

Membership function for a fuzzy set F' on X is defined as,

/JJFX'—>[0,1}
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that is each element of X is mapped to values between 0 and 1, these values are
called degree or grade of membership. Fuzzy sets are graphically represented with

the help of membership function.

1 tal 1 tal
0.8 0.8
06 0.5
uft) utt)
0.4 0.4
0.2
0.2
0 0
404550556‘06;?0;5‘;03593' 40 45 50 55 B0 65 TO 75 B0 85 90
input input
(a) Crisp membership function (b) Fuzzy membership function

FIGURE 2.4: Fuzzy membership functions

Fuzzy Set Operations

e OR
paup(t) = max{pa(t), pp(t)]  paus(t) = palt) + ps
e AND
pans(t) = minfpa(t), pp(t)]  paus(t) = pa(t)ps
e NOT

px =1—pa(t)

Definition 2.6.2. (Fuzzy Number)

A fuzzy number is a number whose membership function is partially continuous
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and has value,

pr(r) =1

Following graphs show the fuzzy number z, fuzzy number near z(neighborhood of

x) and fuzzy number almost = respectively.

¥-2  xA1 ¥ ¥+ x+2

FI1GURE 2.5: Fuzzy Number x

¥-2  xA1 X ¥+ X2

FIGURE 2.6: Fuzzy Number near x

X-2 x-1 X X+l x+2

FIGURE 2.7: Fuzzy Number almost x

Definition 2.6.3. (Fuzzy Mappings)

Let X be any set and Y be any metric linear space. M is called a fuzzy mapping
iff M is a mapping from X into W(Y) that is M (z) € W(Y) for each x € X. Here
W(Y) is a collection of family of fuzzy sets.

In a mathematical model which is difficult to derive, fuzzy system is suitable for
uncertainty or approximation. Under incomplete information fuzzy logic helps to

make decision.
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Example 2.6.4. Fuzzy Cognitive Maps are one of the most familiar example
of Fuzzy mappings. These maps are introduced by a political scientist Kosko [26]
in 1970s to represent social scientific knowledge. Generally Cognitive maps are
the casual relationships of the concepts which are designed in the graphs. The
graphical representation of these facts of a given framework is considered as a
fuzzy cognitive map(FCM). Simply the collaboration of cognitive mapping and
fuzzy logic is known as fuzzy cognitive mapping. The basic tool for cognitive is
‘Theory of graphs’. Most of the calculations are based on graph theory. The
important component of a mapped structure collectively make the fuzzy cognitive
map(FCM). To calculate end results and in order to run simulations FCM is is used
as an important tool. In political science, military science, history,international
relations, where meta-system language and system concepts both are fundamen-
tally fuzzy, FCM can be easily applicable. Distributed intelligence can also be
represented by fuzzy cognitive maps, the figure [39] given bellow represents casual

relationship of soft knowledge.

Tcxls
Wulnplc
Representations
Expm[mnlb / Modeling
Little
Some
'/Smm, _

/ Snme
Lecture Llll - Generation of Evidence
Student Construction "'--Somc — __-//

of Knowlt,dg(, v
T Much
“_ I\-‘IULh
P / St.lbbll\‘t.
SOII‘.IL -~ Selective Attention Inlcrprctallﬁn
- g A.. Vcn Mm'h/ \er) Much f’f
Student’s (“nnccptly Prior Lonceplmy ;
—— - Much -’z
______7_______7 _-"lf
—_— /
Some ~ T——___ P

FiGURE 2.8: Fuzzy Cognitive Map

Some other examples of Fuzzy Cognitive Maps are as follows,

Example 2.6.5. Following figure with its matrix form make easy to understand

the simplest form of fuzzy cognitive map:-
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5. Law enforcement

1. Wetlands

+1

3. Lake pollution

FIGURE 2.9: FCM given in ozesmi’s paper [35] presented in 2004

Tab. 1: Representing the Fuzzy Cognitive Map along its matrix form given in

above figure.

Groups zesmi zesmi 2004 | Wetlands Fish LakePln. Inc. LawEnft.
Wetlands 0.0 1.0 -0.1 0.8 0.0
Fish 0.0 0.0 0.0 0.0 0.0
LakePln. -0.2 0.0 0.0 -0.2 0.0
Inc. 0.0 0.0 0.0 0.0 0.0
LawEnft. 0.2 0.5 -0.5 -0.2 0.0
Outdegree 1.90 0.00 0.40 0.00 1.40
Indegree 0.40 1.50 0.60 1.20 0.00
Pitch 2.30 1.50 1.00 1.20 1.40
Type Ord. Rcur. Ord. Rcur. Transmitter
Dnsty. TotalFact. | TotalConnections | Nr.Transmitter | Nr.Rcur. Nr.Ord.
0.36 5 9 1 2 2

The above figure and table is taken from milti-step cognitive maps by Ozesmi

[35], the transmitted variable is law enforcement. In this map, the outdegree of

laws enforcement is 1.5 while ist indegree is 0. All other variables are affected by

law enforcement but the other variables have no influence on it. The reciever vari-

able in this map is income which is variable 3, the outdegree of income is 0 while

its input is 1.20. Therefore, in this map there is an influence of other variables on

income. The fish population is followed by wetland and income so it is the central
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variable in this map.

Example 2.6.6. Fuzzy cognitive mapping for bad weather driving is given
bellow. This figure is taken out from Bart Kosko’s book [54] named as “Fuzzy
Thinking”.

Bad Weather

+always + usually

Fy

+often Car Accidents

+50me +

Freeway Congestion

v

- very much + much - a little

Own Driving Speed Petrol Frequency

+ alittle

- some +always
¥

Own Risk Aversion

Ficure 2.10: FCM for Bad weather driving

Above figure shows the effect of bad weather on driving on a Clifornia freeway
in daytime. The symbols + and — indicates the types of relationship between
the factors and the casual relationship is defined with the words “usually” and “a
little”. The table bellow shows the values of bad weather from 20-80. We can see
that after 10,12 and 13 steps there is a convergence for the bad weather levels in

the simulations of 20, 30 and 40.
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Factor B.Weather=20 | B.Weather=30 | B.Weather=40
B.Weather 20 30 40
Freeway Cong. 21 31 41
Accidents 11 16 28
Own R. Aver. 85 86 88
Patrol Freq. 100 100 100
Own Driv.Sp. 100 100 100

Similarly, we can see that table for simulations of 60, 70 and 80. The conver-

gence will take place after 12, 12 and 10 steps.

Factor B.Weather=60 | B.Weather=70 | B.Weather==80
B.Weather 60 70 80
Freeway Cong. 60 70 80
Accidents 72 84 89
Own R.Aver. 12 14 15
Patrol Freq. 0 0 0
Own Driv.Sp. 0 0 0
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Fuzzy Mappings in metric Space

In 1965 Zadeh [55] introduced the concept of fuzzy sets. Later on, in 1981 the
concept of fuzzy mappings was inaugurated by Heilpern [22]. He also proved
fixed point theorem which is an extension of the Banach contraction principle.
Abu-Donia [1] also proved fixed point results for fuzzy mappings. These theorems
are helpful in geometrical problems related to physics, but needs some extension.
Although, the proofs of the main consequence of Abu-Donia’s theorems are not
correct. In 2008 T. Kamran [23] presented the correct results of these proofs in

his paper. In this Chapter we review the results presented in [23].

3.1 Notations

Through out this Chapter:
(X,d) is a metric space, D the distance between the sets. Let P and ) be the

non-empty subsets of X then,

D(P,Q) = inf{d(p,q) : p € P,q € Q}

C'(X) denotes the set of all nonempty compact subsets of X, C'B(X) represents the
set of all nonempty bounded closed subsets of X. Here H denotes the Hausdorff

27



Chapter 3 28

metric with respect to d, that is,

H(P,Q) = max{sup D({z},Q), sup D({y}, P)}

zeP

Let T" maps form X into C'B(X) be a setvalued mapping defined as, for every
r e X, Tx C X. A point p € X is called a fixed point of a multivalued map T iff
p e Tp.

Here by T'p we mean T(p). Moreover, we wrote D({x}, P) as D(z, P) and T'(z)
as T'x.

Let us suppose that: K(X)={ne ¥ :7e€ CB(X)}, where )= {z € X : n(x) =
maxicx N(t)} and 7 : K(X) — CB(X) and 7(n) = 7.

Definition 3.1.1. A set valued mapping M on X into K(X) is called a fuzzy

mapping on X, M denotes the composition of n and M, that is

noM:]\/Z:{yeX:Mmy:mz}?cMzz} (3.1)
zE

Let M : X — K(X) be a fuzzy mapping and v € X is a fixed point of M if
My > M,z Ve X.

Lemma 3.1.2. A point v € X is a fixed point for a fuzzy mapping M : X —
K(X), iff v is a fixed point for the induced mapping K mapped from X into
CB(X).

Proof. v € X is fixed point of M : X — K(X),

& M,(v) > M,(t),vt € X

< M,(v) = max M,(t)

teX

& v s fixed point of M maps from X into CB(X).

& v is fixed point of M maps from X into CB(X). O
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Lemma 3.1.3. let A be a nonempty subset of X in a metric space (X, d), then
D(u,A) <d(u,t)+ D(t,A) forany wu,te X
Proof. Suppose that t € X then,

D(u, A) = inf{d(u,v) : v € A}
< inf{d(u,t) + d(t,v) : v € A}
= d(u,t) + inf{d(t,v) s v € A

)+ D(t, A).

=d(u,t

]

Lemma 3.1.4. Suppose that a non-decreasing function ¥ : Rt — R* which

satisfies that ¥ is continuous from right and

Z\I/m J<oo ¥V 23>0

Where U™ denotes the m! iterative function of ¥. Then ¥(z) < z

3.2 Fixed Point Results in Metric Space

The followings are the main results presented by Abu-Donia[l].

Theorem 3.2.1.

Let (X, d) be a complete metric space and let M, N be two fuzzy mappings defined
as M,N : X — K(X) the mappings induced by M, N are M,N:X CB(X).
Let U satisfying lemma 3.1.4.

—_

H(]\//Ez,]/\z) <V (max (d(a, b),D(I, ]/\4\(1)’ D(y, ]/\E)’ D(G,Nb) —|2— D(b, Ma)))

(3.2)

Where a,b € X, then there exist a common fixed point of M and N.
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Theorem 3.2.2.

Let (X, d) be a complete metric space. Let M, : © — K(X) be a sequence of fuzzy
mappings and by 3.1, ]\//Tn, a fuzzy mapping induced by M,,. Let ¥ satisfying the
lemma 3.1.4 , suppose that a,b € X and i, j be the positive integers such that

T W — —  D(a, M;b) + D(b, M,
H<Miaanb)§\I’(maX(d(a,b),D(a,Mia),D(b,Mjb), (a, M;b) + D(b, za)>>

then there exist a common fixed point of M,,.

From proofs of above theorems it follows that if M , N , M,, are the mappings from
X — CB(X) then for every P € CB(X),3anp € P — d(z,p) = D(z, P),Vx €

X. but it is true in case of P, a compact subset of X.

Example 3.2.3. [23]

“l4 page 480] Let 5 denote the Hilbert space of all square summable sequences of
real numbers; let a = (—1, —%, e ,—%, -+ and; for each n = 1,2,---, let e, be
the vector in ¢, with zeros in all its coordinates expect the n'" coordinates which
is equal to 1. Let B = {e1, e, -€p,--- }. Since || a— e, [|= (|| a || +1 = %)% for

eachn =1,2,---, and there is no e, in B such that || a — e, ||< D(a, B).”

T. Kamran [23] said that if ]\7, N, M,, are the mappings from X — C(X) or the
mappings from X into PC(X), (where the set of nonempty closed and proximinal
subsets is represented by PC(X)) then Abu-Donia’s theorem will work. The

Proximinal subsets were first introduced by [37].

Definition 3.2.4. Let V be the subset of X and if for each z € X there exist an

element v € V' such that,
d(z,v) = d(z,V)
then the subset V' of X is called proxeminal.

T. Kamran replaced the inequalities by strict inequalities with the Lemma [25]

given bellow.
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Lemma 3.2.5. For each p € P there is a ¢ € ) such that,

d(p,q) <6, where P,QeCB(X) with H(P,Q) <6

The new correction of the above theorems [23] is then given as follows;

Theorem 3.2.6.
Let (X,d) is a complete metric space and suppose that M and N mapped from

X into K(X) be two fuzzy mappings. According to the equation 3.1, induced
mappings of M and N are ]\/4\, N:X CB(X). Let W satisfying Lemma 3.1.4.

H(M,, N,) < ¥ (max (d(s,t),D(s, M,), D(t, N,), D(s, No) ; DG, M)) (3.4)

Where s,t € X, Then there exist a fixed point of M and N.
Proof. Let sy be a point in X, Since ]\/4\150 is nonempty therefore there is a point

$1 € M;is.

Let

— —  D(so, M D(sy, M,
5:\11(max(d(SO,31)7D(30,M180),D(Sl,M281), (50, 281); (51, 180))

then by above condition 3.4 we have
H(]/\ZlS()) <4
by lemma 3.1.4, we have s, € X such that s, € ]\7231 and

d(Sl, 82) <0

D(so, Masy) + D(s1, Myso)

) (max <d(80, 81>, D(So, ]/\4\180), D(Sl, ]/\2281),

d(so, s2) J2r d(s1, 31)>

2

IN

\ (max (d(so, s1),d(so, $1),d(s1, $2),

)
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d
=y <max (d(So, Sl), d(Sl, 82), <8027 82)))
d d
S L <max (d(SO, 51), d(Sl, SQ), (SO’ o1 —2 (817 S2>>)
< W(max(d(sg, s1),d(s1,S2)) (3.5)
Suppose that,
max(d(so, s1),d(s1, $2) = d(s1, S2)
then by using ¥(z) < z for z > 0, we have
d(817 82) < ‘I/(d(sl, Sg))
Which is a contradiction, this implies that,
max(d(so, $1), d(s1, 82)) = d(so, 1)
by eq.3.5 we have,
d(Sl, 52) < \I/(d(SO, 81)) (36)
in the same manner, we make sequence {s,} Vn > 1 such that,
Son_1 € ]\//L?n — 1,8, € N.2on — 1, (3.7)
and
d(SZna 82n+1) < \Il (d(SQn—h SQn)) ) (38)
d(s2n—1,52n) < W (d(520-2, S2n-1)) , (3.9)
S d(Snt1, Sn) < Y (d(Sn—1, ) < ¥™(d(s0,51)) Yn > 1. (3.10)

Thus, for m,n(n > m) positive integers, we have

d(5m7 Sn) S d(sma Serl) + -+ d(snfla Sn)
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< \I/md(S(), 31) —+ 4 \I/n_ld(SO, 81>

n—1
= Zr:m\:[lrd(so, S]_)

< Z ~Wd(so, s1)

According to the following condition;
Z U"d(z) < oo for each z >0,

n=1

{sn} is a Cauchy sequence.
let s,, - p € X. By lemma 3.1.3

D(p, ﬁp) < d(p,s2n—1) + D(52n—1aﬁp) < d(p,s2n—1) + H(MSany ﬁp)

= . D(s2n—2,Np) + D(p, My, ,)
<d(p,san—1)+ ¥ (max (d(sgn_Q,p), D(san—2, Ms,, _5), D(p, Np), P - Son_2

~ . D(s2n— ,]/\7 + d(p, son—
<d(p,82n—1)+\11<max <d(82n—2,p),d(SQn—z,Szn—ﬂ,D(p,Np), (s2n—2 p)2 (P, s2n 1)>>

By using continuity of ¥ we have,

D(p, Np) <Vw (D(p, ﬁp)) < D(p, Np)

this contradicts and arise from p € ]Vp which is closeness of N ,
in the same way p € Z\//Tp.

So by lemma 3.1.2, M and N has a common fixed point that is p. O

Theorem 3.2.7.

Let (X, d) be a complete metric space. Let {M,} from X into K(X) be a sequence
of fuzzy mappings and by eq.3.1, ]\//[\n, a fuzzy mapping induced by M,. Let ¥
satisfying the lemma 3.1.4, suppose that s, ¢t € X and 7,5 be the positive integers
such that,

M.s, M. = —  D(s, Mjt) + D(t, M;
H(M;s, M;t) < ¥ <max <d<57t),D(S,Mis),D(t, M), (s, M;t) + D(t, s)))
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then there exist a common fixed point of {M,,}.

Proof. Let sg € X be a point, there is a point s; € ]\/4\130 because J\/Jlso in

nonempty. Let

— —~  D(so, M D(sy, M,
52@(max(d(30781)7D(507M150),D(51,M251), (0, Mos1) + D(s1, 130))

2

by inequality 3.11 we have,

H(]\/leo, ]/\4\281) )

by lemma 3.1.4, s € X such that sy € ]\/4\231

and

d(Sl,Sg) <o=V

v — . D(sg, M D(sy, M,
max (d S0, 81 307 MISO), _D(S17 MQSl), (307 231) _g (317 130))>

d(so, 52) +d(31731)))

d 80;'91 80781) d(31782)7 2

(1
s (o5, 25250
(o

2

d(so,81);d(81751)))

d 80,51 31752)

< W(max(d(so, s1), d(s1,52))) (3.12)

Let us suppose that,

max(d(sg, s1),d(s1,$2)) = d(s1, S2)

Therefore, by W(z) < z Vz > 0 we have,

d(Sl, 52) < \I/(d(sl, SQ)) < d(Sl, 82)

This contradicts thus,

max(d(sg, s1),d(s1,$2)) = d(so, S1)
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Using inequality 3.12, we have
d(s1,$2) < U(d(so,51)) (3.13)
In the same manner, we make a sequence {s,} Vn > 1, such that
Sy € ]/\/[\nsn_l (3.14)

d(Sn+1,5n) < VU(d(Sp-1,5n)) < ¥"(d(s0,51)) forall n>1 (3.15)

So {s,} is a Cauchy sequence in X same as in last theorem.
Suppose that s, — p € X, for m € N by 3.11,

D(p, Mnp) < d(p, sm) + D(sm, Mnp)

< d(p, sm) + H(Mpmsm—1, Myp)

D(Sm—h an) + D(p7 ]/\stm—l) >>

<d(p,sm)+ ¥ <max (d(sm—lvp)7 D(sm-1, ]/\/Tmsm—l)7 D(p, ]‘/an)v D)

D(pTH—ly M\np) + d(p, sm) >>

< d(p,sm-1) + ¥ (max <d<sm_1,p>,d(sm_1,sm),D(p, Mop), .

Let n — oo and by the continuity condition of ¥, we have,

o~ o~ o~

D(p, Mynp) <V (D(p, My,p)) < D(p, Myp),

This contradicts and it arises from p € ]\/4\n Vn = 1,2,3,--- which is closeness
of J/\/I\n Therefore, by lemma 3.1.2 there is a common fixed point of M, Vn =

1,2,3,---. O

Definition 3.2.8. [1]
“Let P and @ be two self mappings of a metric space (X, d) then these mappings

are compatible if

lim d(PQ,,QPF;,) =0

here {t,} € X be a sequence and

lim P, = lim P, =u forsome uCX
n—oo n—oo
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Theorem 3.2.9.

Let M and N mapped from X into K(X) be two fuzzy mappings of a complete
metric space (X,d). Let the induced mappings of M and N are ]\/Z,J/\\f X =
CB(X) then according to equation 3.1,

(i) There exists a sequence {s, } € X implies that,

lim M, = lim Ny, =u for some u C X,
n—oo n—o0

(it) H(M,, M) < max{H(N,, N;), }[H(M,, Ny) + H(M,, Ny)],
LH(M, N,) + H(M,,N,)]} Vs,t€X,s#t

(i) MX c NX

If one of MX and NX is a complete subspace of X this implies that there is a
unique fixed point of M and N.

Proof. As (i) is satisfied by MX and NX, then there exists a sequence {s,} € X

implies that,

lim M, = lim N;, =u for some u C X,
n—oo n—oo

Let us suppose that NX is complete, this implies that for r € X, lim,, . Nsn =
J/\\TT and lim,,__, ]\//Tsn = ]/\\fr.
Now let M, # N, then (17) =

This contradicts our supposition that ]/\/E =+ NT therefore ]\/4;\ = ]VT,
since M and N are weakly compatible therefore M M, = M N, this implies that
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M, — N¥, — 1IN, — N, -
Finally, to prove M and N has a common fixed point r we suppose that M,. # M M,
then,

H(M,,MM,) < max {H(N,., NM,), \[H (M, N,) + H(MM,, NM,)), {[H(MDM,, N,) + H(M,, zvm}
< wax { H(3,. 5T30,), H(GTN,, 3, }

= H(—]/\J\m Mﬁr)v

this contradicts, hence ]\/4\7, - M ]\//.TT and N ]\Z - M ]/\/E = ]\/4:, Similarly for MX
a complete subspace of X as MX Cc NX.

Since r is a common fixed point of M and N therefore, according to the lemma
3.1.2 r is fixed point of M and N.

‘Uniqueness of fixed point follows easily’. O
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Fuzzy mappings in b-Metric

Spaces

In the previous chapter, first we studied Abu Donia’s [1] fixed point theorems in
metric spaces then we focused on paper presented by Kamran [23] for the corrected
theorems in [1].

The main purpose of this chapter is to extend fixed point theorem for fuzzy map-
pings in metric spaces to fixed point theorems for fuzzy mappings in b- metric

spaces.

4.1 Notations

Through out this Chapter:
(X, dp) is a b- metric space. The distance Dy(P, @) between the subsets then, P, Q

of X is then given by

Dy(P,Q) = inf{dy(p,q) : p € P,q € Q}.

C'(X) denotes the set of all nonempty compact subsets of X and C'B(X) represents
the set of all nonempty bounded closed subsets of X. The Hausdorff metric with
38
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respect to dp is denoted by Hj is given as

Hb(Ua V) = maX(sup Db({x}7 V)> Slel‘[/) Db({y}’ U))

zelU

Let T maps from X into C'B(X) be a setvalued mapping defined as, for every
r e X, Tx C X. A point p € X is called a fixed point of a multivalued map T iff
p € T'p. Here by T'p we mean T'(p).

Moreover, we write Dy({z},U) as Dy(z,U) and T'(z) as Tx.

Let us suppose that: K,(X) = {ne€ [*: 7€ CB(X)}, where) = {z € X : n(x) =
maxex 7(t)} and 7, : Kp(X) — CB(X) and m,(n) = 7. The notion distance of a

point = from a set U can be extended naturally for b-metric space as follows;

Definition 4.1.1. Let (X, d) be a b-metric space and a set U is such that, i #
U C X then
dy(z,U) = inf{dp(z,u) : u € U}.

Lemma 4.1.2. Let A be a nonempty subset of X and (X, d,) be a b- metric space.
Then,

Dy(u, A) < b(dp(u,t) + Dp(t, A)) Yu,t€ X and b>1.
Proof. Suppose that t € X then,

Dy(u, A) = inf{dy(u,v) : v € A}
< inf{b(dy(u,t) + dyp(t,v)) b > 1v € A
= b(dy(u, t) + inf{dy(t, v) : v € A})
= b(dy(u, t) + Dy(t, A)).

Lemma 4.1.3. For each v € U there is a v € V' such that,

dy(u,v) <9, where U,V € CB(X) with Hy(U V)<
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4.2 Fixed Point Results in b-metric Space

Now the extended form of fixed point theorems in b-metric space is as follows:

Theorem 4.2.1.

Let (X, dp) be a complete b-metric space with a continuous b—metric d, and b > 1.
Let M, N be two fuzzy mappings defined as M, N : X — K,(X) the set-valued
mappings induced by M, N are M\,]\Af : X — CB(X). Let ¥ be a function that
satisfies Lemma 3.1.4. Moreover for any s,t(s #t) in X

M, N i . Dy(s,N,) + Dy(t, M,
Hy(M,, Ny) < W (max (db(svt)’Db(SaMs),Db(t,Nt), b(S; t)‘|2‘ o(t, )))
4.

(4.1)

there exist a common fixed point of M and N.

Proof. Let sy be a point in X, Since Mso is nonempty therefore there is a point

S € ]/\750. Let

= ~ . Dy(s0, N,,) + Dy(s1, M,
51) =v (max (db<50731), Db(SO, ]\450)7 Db(Sl, N81)7 b(307 1) + b(Sla 0)))

then by above Condition (4.2) we have,

by Lemma 4.1.3 ds; € X such that, sy € Nsl and

—~ o~

db(sla 82) < Hb(Mso7 Nsl)

— — _ Dy(s0, My, ) + Dy(sy, M.
db(31732)<5b:\I’(max<db(30731)7Db(30;M50>7Db(317M51)7 b(%0, sl);— bls1, 80)))

Dy (o, 52) ;’Db(slwsl)))

<V (maX <d(80,81),db(80, s1),dp(s1,52),
d
=y <max (db(SO, 81),d(81, 82), b(8;732)>>
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<V (max (db(SO, 51). dy(s1, 59), b 2502 51) ;r do(s1 82))) (4.3)

Case-i For b =1
It is a case of metric space directly follows from [23].
Case-ii For b > 1

Suppose that,

- db(817 82)

e (db<30, s1), dp(s1, 52), bdb(so’ s1) + dy(s1, 52))

2

by using the condition ¥(z) < z, Vz > 0, so we have,

dy(s1,52) <V (dp(51,52)) < dp(51,52)

which is contradiction of our supposition.

Therefore (4.3) implies that,

dy(s1,55) < U (max <db(so, 1), pels0:51) ;db(sl’ SQ))) (4.4)

Now if

d d
max (db(so,sl),b. b(50,81); b(sl’SQ)) = dp(s0, 1)

by using the condition ¢(z) < z, Vz >0, (4.4) implies that

dy(s1,52) < Pdp(s0,51) < dp(50,51) (4.5)

if  max (db(So, s1), bdb(so’ s1) + di(s1, S2>> _ bdb<50, s1) + dy(s1, 52)

2 2

by using the condition (z) <z, Vz > 0, 4.4 implies that

d d
051, 59) §¢<b b(30751>;‘ b(51752>)
dp(S0, $1) + dp(s1, 52)

<b 5
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b
= db(Sl, 52) < §<db(50, 81) -+ db(Sl, 82))
b b
= (1 — i)db(sl,@) < §db(80, 81>
2—0b b
= (T)db(sl,SQ) < §db(50, 81)
= <2 — b)db(Sl, 82) < bdb<80, 81)
Also
b
db(Sl, 82) < 5 _ bdb(So, 81) (46)
From both (4.5) and (4.6), we can conclude that
db<81, 82) < bdb<80, 51) (47)
db(Sl, 82) < w<bdb(80, 81))
in the same manner, we make sequence {s,},Vn > 1 such that,
Son—1 € ]/W\32n727 Son € stn—la (4.8)
and db(SQn, 82n+1) < (bdb(Sanl, SQn)) , (49)
dy(52n—1, 52n) < V¥ (bdy(S2n—2, S2n-1)) » (4.10)
o dp(Snt1, Sn) < U (bdp(Sp—1,5n)) < U"(bdy(s0,51)) Vn > 1. (4.11)

Thus, for m,n(n > m) positive integers, we have

db(5m7 5n> S db(5m7 Sm—l—l) + -+ db(sn—lu an)
< U™ (bdy(s0,51)) + + -+ 4+ U (bdy (0, 51))

= i\lﬂ(bdb(so, 81))

S Z\I/r(bdb(S(), 81))

r=m



Chapter 4 43

According to the following condition;
Z U"d(z) < oo for each 2z >0,
n=1

{sn} is a Cauchy sequence.
let s,, = p € X. By Lemma 4.1.2

Dy(p, Np) < b (dy(p, 520-1), Do (201, Np)) < b (do(p, s20-1) + Hy (Msn—2, Np))

— ~ . Dp(s2n— ,J,\} + D ,]T/I\s —
<b(db(p,82n—1)+‘1/<max (db(SQn—Q,p),Db(Szn—z,M32n—2)7Db(nNP), b(s2n—2, Vp) 2 b(p, Mz 2)>>>

Dy(s2n—2, Np) + dy(p, S2n1)>>>
2

<b <db(p, sop—1) + W (maX <db(s2n2ap)adb(32n1752n1)7Db(p7 Np),

b(dy(sn, ) + Dy(p, Np)) + du (p, 82n1)>)>
2

<b <db(p7 Son—1) + ¥ <maX (db(52n21p)7db(52n2732n1)7Db(p7 Np),

.. by continuity of ¢ there are following four possibilities,
Dy(p, ﬁp) < b (dy(p, s2n-1) + dp(S2n-2,D)) (4.12)

Db(P, Np) < (db(P, 32n71) + db(52n72: 52n71)> ) (4-13)
Dy(p, Np) <b (db(p, Son—1) + Dy(p, Np))
= (1 - b)Db<pa Np) S bdb(p7 SQn—l)

= Dy(p, Np) <

< da(p. 520-1) (4.14)

~ b ~ 1
and Db(p7 Np) S b (db(p7 527171) + §<db(5n7p) + Db<p7 Np)) + idb<p7 SQnI))

1= 21040, 50) < 0+ Dy, 5202) + (S )af,.0)
= Dy(p, Np) < b (3dy(p, S2n_1) + b.dp(5n, D)) (4.15)

2 —b?
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Since s, — p as n — o0

.. from above Inequalities (4.12),(4.13),(4.14) and (4.15),

~

Dy(p, Np)) =0,= pe Np

Hence by Lemma 3.1.2, M and N has a common fixed point that is p. O

Remark 4.2.2. Theorem 3.2.6 becomes a special case of Theorem 4.2.1 by taking
b=1.

Theorem 4.2.3.

Let (X, dp) be a complete b-metric space with a continuous b—metric d, and b > 1.
Let {M,} from X into K,(X) be a sequence of fuzzy mappings and ]\/Zn is a set-
valued fuzzy mapping induced by M,,. Let ¥ be a function that satisfies Lemma
3.1.4 and for s,t € X and 7, j be the positive integers, then according to the given

condition:

P - —  Dy(s, Mit) + Dy(t, M,
Hy(M;s, Myy) < 0, (mx (db<s7t),Db(s,Mis),Db(t7th>, ols Myt) & Dilt, S)>)

there exist a common fixed point of {M,,}.

Proof. Let sy be a point in X, Since ]\/4\130 is nonempty therefore there is a point
S1 € ]/\2180.
Let

2

5b:w<max (db<so,sn,Db<SO,Mlso>,Db<sl,M231>, b(50, Masy) + Do(s1, Maso )

(4.17)
then by above Condition (4.16) we have

Hb(]/w\lS(),]/W\gsl) < 5b (418)
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Then by Lemma 4.1.3, 9 an s, € X such that s, € ]/\4\231 and

dp(s1, 52) < Hb(]\7180>M\281)

db(Sl, 82) < 5b

- — D M- D M,
dy(s1,82) =¥ <maX (db(so’slhDb(807M180)7Db(81,M281)7 blon, Mass) + Dolon, 180)))

2

<V (max <db(507 s1), dy(S0,51), dp (81, S2),
d
=y (max (db(so, 1), dp(s1, 82), b(520,32))

(50, 52) -5 db(sl,sl)>)

dp(S0, 51 + dp(s1, 52
2

< v (max (db(so, s1), dp(81,82),b )) for b>1 (4.19)

Case-i For b =1
It is a case of metric space followed directly from [23].
Case-ii For b > 1

Suppose that,

- db(817 82)

max (db<80, s1),dp(s1, S2), bdb(so’ s1) + di(s1, 32))

2

by using the condition (z) < z, Vz >0,
dp(51,82) < ¥ (dp(s1,82)) < dp(51, 52)

which is contradiction of our supposition.

Therefore (4.19) implies that,

d d
dp(s1,89) < W (max <db(so, $1),b (50,1 —g AGE 82)) (4.20)
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Now if

d d
max (db(so,sl),b b(50751)‘g b<$1’82)) = dp(S0, 1)

by using the condition (z) < z, Vz >0,

db(Sl, 82) < @ZJdb(S(), 81) < db(SO; 81) (421)

if

max (db(so, 51), bdb(SO’ s1) + dy(s1, 52)) _ bdb(507 s1) + dp(51, 52)

2 2

by using the condition (z) <z, Vz > 0, (4.20) implies that

db(81,82)§@Z)(bdb<80’sl);db(sl’82))

dp(s0, 51) + dp(s1, 52)

b
< 2
b
= dy(s1,52) < §(db(507 s1) + dp(s1, $2))
b b
= (1-— é)db(sl, Sg) < §db(so, S1)
2—0b b
= (T)db(sl, 82) < §db(80, 81)
= (2 — b)db(Sl, 82) < bdb(SO, 81)
b
= dp(s1, 82) < 5 bdb(so, s1) (4.22)
Therefore from 4.21 and 4.22, we have
dp(s1, 52) < bdp(s0, 51) (4.23)

in the same manner, we make sequence {a,},Vn > 1 such that,
Sp € J/\/[\nsn_l (4.24)

and

db<52n7 S2n+1) <V (bdb(Sanlu 82n))7 (425)
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dp(S2n—1, 520) < V¥ (bdp(S2n—2, 52n-1)) (4.26)
o dp(Snt1y Sn) < U (bdp(Sp—1,5n)) < U"(bdy(s0,51)) Vn > 1. (4.27)

Thus, for m,n(n > m) positive integers, we have

db(5m7 Sn) S db<5m7 5m+1) +-+ db(snfh an)

< \Ifmdb(SO, 81) + -+ \Ifn_l(bdb(SO, 81))

= i‘l’r(bdb<80, Sl))

<> U (bdy(s0, 51))

r=m

According to the following condition;
Z\IJ" ) < oo foreach z>0,

{sn} is a Cauchy sequence.
let s, — p € X then by Lemma 4.1.2

Db(p7 M\np) <?b (db(p7 Sm) + Db(sm an ) b (db(p Sm) + Hb(MmSm 1y an))

— Dy (sm— ,]/\/[\ + D ,]/\4\ Sm—
max <db Sm—1, p) Db Sm—1, Mmsm 1) Db(p7an)7 b( m-1 np) 2 b(p mom 1)>>>

db Sm 1, p db S'm 1, sm) Db(lh an)y 5

Db(smfly an) + db(p7 57”))))

db(sm—lyp)7 db(sm—lv Sm)v Db(p7 ]/\an)y

=
&
B
/N N

b (dbm om) 4+ <max b(dy($m—1,P) + Dy (p, Mnp)) + do(p, 5m) ) >>

2

*. by continuity of v there are following four possibilities,
Db(p7 ]\/an> < b (db(p7 Sm) + db(sm—hp)) ) (428)

Dy(p, Mop) < b (do(p, $1m) + db( 1, 5m)) . (4.29)
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—

Dy(p, Myp) < b (db(p, $m) + Dy(p, Mp))

—~

—~

= Dy(p, M,,p) <

- bdb(p, Sm) (4.30)

—

b — 1
and  Dy(p, M,,p) < b (db(p, Sm) + §(db(sm_1,p) + Dy(p, M,p)) + gdb(p, 5m)>

b? —~ b b?
(1— g)Db(P, M,p) < (b+ §)db(p, Sm) + (E)db(sm—hp)
— b
= Dy(p, Map) < 55 (3d(p, 51n) + b.dy(sm-1,D)) (4.31)

Since s, — p and lim,,, .o S, = P
- from (4.28),(4.29),(4.30) and (4.31) Dy(p, My,p)) = 0,=> p € Myp
Hence by Lemma 3.1.2, M,, has a common fixed point that is p. O]

Remark 4.2.4. Theorem 3.2.7 becomes a special case of Theorem 4.2.3 by taking
b=1.

Theorem 4.2.5.
Let M and N mapped from X into K,(X) be two fuzzy mappings of a complete

b-metric space (X, d,) with a continuous b—metric d, and b > 1. Let the induced

mappings of M and N are M\, N:X C'B(X), then according to Equation (3.1),

(i) 3 a sequence {s,} € X such that;

lim Ms,, = lim Ns, =u forsome uCX
n—-m:o0o n—m-:oo

(ii) For b > 1,
Hy(M,, My) < max{ Hy(Ny, Ny), §[Hy (M, Ny) + Hy(My, N,)], & [Hy (M, N,) +
Hy(M,, N} Vs,t€X,s#t

(i) MX c NX
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If one of MX and NX is a complete subspace of X this implies that there is a
unique fixed point of M and N.

Proof. Since M and N mapped from X into K,(X) be two fuzzy mappings of a
complete b-metric space (X,d,), For b = 1 it refers to the case of metric space
proved in previous Chapter in Theorem 3.2.9.

For b > 1

As (i) is satisfied by MX and NX, then 3 a sequence {sn} € X such that,

lim M, = lim Ny, =wu forsome uC X,
n—oo n—oo

Let us suppose that NX is complete, this implies that for r € X, lim,, Nsn = ]Vr
and lim,,_, M,, = N,.
then (ii) =

— ~ ~ . b — = — o~ b —~ o~ —_ o~
Hy(Ms,,, Mr) < max{Hb(Nsn,NT), 5[Hb(MSn7NSn) + Hy (M7, Ny)], i[Hb(MmNsn) + Hb(Msn»NT)]}

for b>1
Asn — 00 =,
o G S N — — P
= H(, 51 < mox { B 50, ST R + HoV, ) SR ) + ()
b~
SiHb(Mra r)
b - o~
SiHb(Mra r)
b —_
(1_§)Hb(Mr7 T)SO
= H,(M,,N,) =0

Hence ]\//L = Z/\\TT,
since M and N are weakly compatible therefore M ]/\/[\T =M N, this implies that
MM, = NM, = MN, = NN,
Finally, to prove M and N has a common fixed point first we have to prove that

M and N has a common fixed point.
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Hy(M,, MM,) < max {Hb(ﬁr, NM,), g[H,,(J\Z, N + Hy(MM,, NM,)], g[Hb(sz, N + Hy (M, Nﬁr)]}
< mase { (R, RE, ), J 0003 31 + (BT ST, 51000 (B30, ) + O, 330,
< max {Hb(ﬁr, MM, ), bHy (MM, J\Z)}
< bHy(M,, MM,)

(1 — b)Hy (M, MM,) <0

= Hy,(M,, MM,) =0

—

:>J\//‘7r :]/W\Hr also ]/\7@ = M,,
Similarly, MX is a complete subspace of X as MX - NX.
“.»r is a common fixed point of MandN

.1 is also a fixed point of M and N. |

Remark 4.2.6. Theorem 3.2.9 becomes a special case of Theorem 4.2.5 by taking
b=1.

4.3 Conclusion

In this thesis, our work is started with the review of litrature related to fixed
point theory. Several papers are reviewed but we focused on the paper [23] titled
as “Common fixed point theorems for fuzzy mappings” in metric space which is
the main task of our work. Then we extended it in the settings of b- metric space.
First we start from already existing results then we expand them in accordance
with the definition of b- metric spaces and reached at the results. These results
might be helpful for solving certain problems related to fuzzy mappings in b-metric

spaces.
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